In this work we explore some applications of the notions of Institution and π-Institution in the setting of propositional logics and establish a precise categorial relation between these notions, i.e., we provide a pair of functors that establishes an adjunction between the categories Inst and π-Inst.
Example 2.2. Let Lang denote the category of languages L = ((F n ) n∈N , (R n ) n∈N ), -where F n is a set of symbols of n-ary function symbols and R n is a set of symbols of n-ary relation symbols, n ≥ 0 -and language morphisms 1 . For each pair of cardinals ℵ 0 ≤ κ, λ ≤ ∞, the category Lang endowed with the usual notion of L κ,λ -sentences (= L κ,λ -formulas with no free variable), with the usual association of category of structures and with the usual (tarskian) notion of satisfaction, gives rise to an institution I(κ, λ).
Definition 2.3. Let I and I ′ be institutions.
such that the following compatibility condition holds:
(b) A triple f = φ, α, β : I → I ′ is a comorphism between the given institutions if the following conditions hold:
• φ : Sig → Sig ′ is a functor.
• α : Sen ⇒ Sen ′ • φ and β : M od ′ • φ op ⇒ M od are natural transformations such that satisfy:
Example 2.4. Given two pairs of cardinals (κ i , λ i ), with ℵ 0 ≤ κ i , λ i ≤ ∞, i = 0, 1, such that κ 0 ≤ κ 1 and λ 0 ≤ λ 1 , then it is induced a morphism and a comorphism of institutions (Φ, α, β) :
given by the same data:
It is straitforward to check that these data determines a category 2 . We will denote by Inst this category of institutions where the arrows are comorphisms of institutions. Of course, it can also be formed a category whose objects are institutions and the arrows are morphisms of institutions, but that will be less important here.
π-Institution and its category
Definition 2.5. A π-Institution J = Sig, Sen, {C Σ } Σ∈|Sig| is a triple with its first two components exactly the same as the first two components of an institution and, for every Σ ∈ |Sig|, a closure operator C Σ : P(Sen(Σ)) → P(Sen(Σ)), such that the following coherence conditions holds, for every f :
Definition 2.6. Let J and J ′ be π-institutions, g = φ, α : J → J ′ is a comorphism between π-institution when the following conditions hold:
• φ is a natural transformation such that satisfies the compatibility condition:
is defined as the two first components of composition of comorphisms of institutions. The identity (co)morphism is given as the two first components of the comorphism identity of institution. We will denote by π-Inst the category of π-institutions and with arrows its comorphisms.
Example 2.7. In [AFLM] , [FC] and [MaMe] are considered some categories of propositional logics -l = (Σ, ⊢), where Σ = (Σ n ) n∈N is a finitary signature and ⊢⊆ P (F orm(Σ)) × F orm(Σ)) is a tarskian consequence operatorwith morphisms, f : (Σ, ⊢) → (Σ ′ , ⊢ ′ ), some kind of signature morphism f : Σ → Σ ′ -"strict" or "flexible"-that induces a translation or interpretation :
(a) To the category of propositional logics endowed with "flexible morphisms" L f (respectively, endowed with "strict morphisms" L s ) is associated an π-institution J f (respectively, J s ) in the following way:
induces a comorphism (and also a morphism!) of the associated π-institutions (+) := ((+)
L , α + ) : J s → J f , where, for each l = (Σ, ⊢) ∈ Sig s = L s , α + (l) = Id FΣ(X) : F Σ (X) → F Σ (X).
An adjunction between Inst and π-Inst
In order to provide the well-definition of F , it is enough to prove the compatibility condition for {C I Σ } Σ∈|Sig| , i.e., given f :
Now let f = φ, α, β : I → I ′ be a comorphism of institutions. Then consider F (f ) = φ, α . Notice that F (f ) is a comorphism between F (I) and F (I ′ ). Indeed, it is enough to prove that F (f ) satisfies the compatibility condition. Let Γ ∪ {ϕ} ⊆ Sen(Σ) for some Σ ∈ |Sig|. Suppose that
Σ (m). We prove that β Σ is well defined, i.e., α
. Now we prove that β is a natural transformation. Let f : Σ 1 → Σ 2 . Since α is a natural transformation, the following diagram commutes:
Moreover, clearlyh is the unique arrow such that the diagram above commutes. Hence G ⊣ F . 3 Final remarks and future works Remark 3.1. In [MaMe] 
). It will be interesting understand the role of these adjoint pair of functors between the logical categories (L s , L s ) at the π-institutional level (J f , J s ).
Remark 3.2. The "proof-theoretical" Example 2.7, that provides π-institutions (J f , J s ) for a categories of propositional logics (L s , L s ), lead us to search an analogous "model-theoretical" version of it that is different from the canonical one (i.e., that obtained by applying the functor G : π−Inst → Inst): In [MaPi2] , we provide (another) institutions for each category of propositional logics, through the use of the notion of a matrix for a propositional logic. Moreover, by a convenient modification of this later construction, we provide in [MaPi2] an institution for each "equivalence class" of algebraizable logic: this enable us to apply notions and results from Institution Theory in the propositional logic setting and derive, from the introduction of the notion of "Glivenko's context", a strong and general form of Glivenko's Theorem relating two "well-behaved" logics.
The examination of the content mentioned in both the remarks above could lead naturally to consider new categories of propositional logics and to a new notions of morphism of (π-)institutions.
This work also open a way to investigate categorial properties of the categories of institutions and π-institutions with many kinds of morphisms in each of them.
